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We consider a dilute alloy consisting of conduction s electrons exchange interacting with
magnetic impurity d electrons. Perturbation calculations of the s-d scattering amplitude T
by Abrikosov, Duke, and Silverstein show a divergence at the Kondo temperature Tg; this
implies a breakdown of perturbation theory and transition to a bound state. However,
Hamann’s calculations, utilizing decoupled Green’s-function equations of motion, reveal
no divergence at Ty, It has been proposed that the disagreement is due to the fact that the
perturbation calculations are restricted to a sum over only the leading logarithmic terms
(“parquet” diagrams) in each order. To investigate this idea, we have followed a suggestion
by Doniach and extended the perturbation sum to include nonparquet diagrams by self-consis-
tently clothing all s-electvon propagators. We first clothe just the simple ladder parquets,
where the sum can be carried out exactly, then extend the argument to include all parquets.
In both cases, it is found that the clothing pushes the divergence in I" down to 7'=0, showing
that perturbation theory is valid for all temperatures greater than zevo. At T=0, there is a
bound state. The resistance calculated from I" turns out to have the Hamann form, thus pro-
ducing agreement between the perturbation-theoretic and decoupled equations-of-motion re-

sults.

I. INTRODUCTION

There has been considerable controversy con-
cerning the convergence of the perturbation ex-
pansion and the existence of a bound state in a sys-
tem of conduction s electrons exchange interacting
with a localized magnetic impurity d electron
(“Kondo problem”). Abrikosov' and Silverstein
and Duke? carried out a sum over the leading log-
arithmic terms (“parquet” diagrams) in each order
of perturbation theory, and found that in this ap-
proximation the s-d scattering amplitude or “ver-
tex part” T diverged at the “Kondo temperature”
T,. This implies a breakdown of perturbation the-
ory and transition to a bound state under Ty.* In
addition, ground-state calculations indicate there
is a bound state at zero temperature. *

Another approach to the problem is based on
Nagaoka’s decoupled equations of motion for the
s-electron propagator.® Nagaoka’s approximate
solution of his equations revealed a divergence at
Ty, in agreement with the perturbation theory. On
the other hand, Hamann’s® more accurate solution
of Nagaoka’s equations showed no indication of any
divergence. Hamann’s result has also been obtained
in a decoupling approximation by Doniach” and by
Theumann.

Since any decoupling of the Green’s-function
equation of motion is equivalent to a partial sum in

2

perturbation theory, ® one is led to suspect that
Nagaoka’s solution corresponds to Abrikosov’s
sum over parquet diagrams, while Hamann’s solu-
tion apparently goes beyond parquet approximation.
To investigate this idea, we have followed a pro-
posal of Doniach,” and extended the pevturbation
sum to include nonpavquet diagrams by self-con-
sistently clothing all s-electvon propagators. 10
We first carry this out just for parquets of the
ladder type, since the sum here can be done ex-
actly, and then generalize to include all parquets.
Both cases yield essentially the same results:
Clothing the s propagators pushes the divergence
in T from T =Ty down to T=0. This indicates that
theve is no breakdown of pevtuvbation theovry at the
Kondo temperatuve Ty and no bound state starting
in at Ty . Instead, in this approximation, break-
down of perturbation theory and a covvesponding
bound state occuv only at zevo temperatuve. The
resistance calculated from I turns out to have the
Hamann form, thus producing agreement between
the perturbation-theoretic and decoupled equation-
of -motion results. Our conclusions agree with the
conjectures of Nozieres, Gavoret, and Roulet'’ re-
garding the importance of self-consistent renor-
malization in the Kondo problem.

The Hamiltonian is discussed in Sec. I. The bare
ladder approximation is reviewed in Sec. III, where
it is shown that the s-d vertex part T', s-electron
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self-energy, and electrical resistance all diverge
at the Kondo temperature. This occurs for both
signs of the s-d coupling constant J. Section IV
describes the self-consistent perturbation theory
in ladder approximation with clothed s propaga-
tors. In this approximation I' diverges (for both
signs of J) just at T=0. However, the divergence
is weak enough so that there is no corresponding
divergence in the resistance, which has the Hamann
form. Finally, in Sec. V, a heuristic argument
is used to generalize the above calculation to in-
clude all parquets with self-consistently clothed

s electrons. This yields results qualitatively just
like those in clothed ladder approximation, ex-
cept that the 7= 0 divergence occurs only for J<0.

II. THE HAMILTONIAN

The Hamiltonian which we will use is the same
as that of Kondo, 2 except that Kondo’s impurity
spin operator is replaced by its second quantized

form. It is given by
5 N J
H=), €4clCha+2l €4Cls Cap— o=
ko ) 2N

-
t
(Cara*Sges)Cisr Chrar CraCas » (1)

2
ao‘BB'RR!

where J is s-d coupling constant, N the number of
atoms, €, €, are the bare s,d-electron energies
relative to the Fermi energy, c},, Cras c}s , Cas
are the creation and destruction operators for
s,d electrons, and 5., 2S;.,are the Pauli ma-
trices for s, d electrons. The many-body states
for the free d-electron part of the Hamiltonian
(i.e., €, term) are 10, 0,), I11,, 0, 10,,1,), and
I1,,1,) with associated energies 0, €, €;, 2€,;, re-
spectively. We have for the average number of dt,
root-mean-square d spin, and mean fluctuation in
d-electron number, respectively:

(g =(ng.) = [exp(Be,) +1 ]'1 , (2)
(S%y = (V) exp(- £Pe,) [exp(- Be,) + 1T, (3
(NG = (N 2= V2exp(~ £Be,) [exp (- Bey) + 1], (4)

where B=(kzT)-!. The average d spin is zero, but
since (Sz) is nonzero, there is a free-d magnetic
moment.

The Hamiltonian (1) has been employed by Takano
and Ogawa (TO), !® and it is identical with Abriko-
sov’s pseudospin Hamiltonian for a spin-3 impur-
ity.! Unlike the Kondo H, 2 which has exactly one
d electron in the spin-3 case, our H also includes
states with 0 and 2 d electrons. However, if we
follow TO and take €,=0, then by (2) the average
number of (unperturbed) d electrons is equal to
1 and, as Abrikosov points out, in calculating such
quantities as self-energy, the only effect of the
0 and 2 d-electron states is to introduce a nor-
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malization factor of 2. This means that our re-
sults for self-energy and resistance should be
multiplied by 2 to obtain the corresponding re-
sults for the Kondo H.

It should be noted that (1) is for a single im-
purity spin located at the origin, as in the work
of Nagaoka® and Hamann. ® Following these two
authors, we will simply multiply our result by cN
(c is the concentration of impurity atoms) to get the
resistance for a system of noninteracting impur-
ities. However, a more correct procedure re-
quires averaging over a random distribution of
impurity positions. !

III. BARE LADDER APPROXIMATION

In this section, we will calculate the s-d vertex
part, s-electron self-energy, and resistance in
bare ladder approximation using Hamiltonian (1)
and show that these quantities all diverge at the
Kondo temperature. Although similar calculations
have been reported before, ** !° things will be done
in some detail here for the following reasons:

(i) The details are not available elsewhere; (ii)
the formalism here has €,=0, in contrast to
Abrikosov’s, which has €,—~; (iii) to show ex-
plicitly that TO’s zero resistance above the Kondo
temperature®® is due solely to the fact that their
generalized Hartree-Fock approximation is in-
adequate above Tg; (iv) most of the intermediate
results in the bare case may be generalized im-
mediately to the clothed case. Note that the lad-
der parquet approximation is discussed first, since
it is very simple, yet yields almost the same re-
sults as the full parquet approximation (Sec. V).

A. s-d Vertex Part

The perturbation expansion for the s-d vertex
part in bare ladder approximation is the sum of a
particle-particle part I" and a particle-hole part
¥ as shown in Fig. 1(a). The integral equations
for these quantities, Figs. 1(b) and 1(c),may be
translated into functions by associating with each
solid line the bare s-electron propagator

iG ok, w,) = — (iw,— €)1,
where
w,=m(2n+1)"Y, n=0,£1, £2,..., B:(k,,T)-l(s)

with each dotted line the bare d-electron propaga-
tor

G old, W)= = (fw, — €)1 (6)

and the value (J/2N) (G4+" Sg.g) With each inter-
section of a solid and a dotted line. Note that each
s-d intersection is simply an abbreviated form

for the interaction diagram (b) shown in Fig. 2,
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which is obtained directly from the interaction
term in (1). There is a sum over all intermediate
frequencies and s-electron momenta, and a —1
for each s-electron loop and d-electron loop.

Let us examine the particle-particle vertex first.
Figure 1(b) yields (note that in the bare case [=]’)

2737

Writing T" as the sum of a scalar and a vector
part

-
Toparigre=T00q: 855+ T Gqqet Sggrs (8)

and utilizing the fact that

7 ~ e e =
raBa”B”(q, Wps b, Wi, wm) 2N (Uua"' Sagl') a‘Z;' (Uaa‘l SBB')(G"""“ SB'B“)
el S Guar SediGoll, —w) Z35, 10500~ Famrs Sesr ©)
ZNﬁ 1,s,a’, B’
XiGold, w g+ W) Tyrgrgrrgrs (1, wg; pwis wy) o (7) yields the two coupled equations
J
0 3J . ’ AW ’ 192 ’
r (qywn; p’ Wi, wm): 8_1\]6 Z ZGO(Z ’ '—ws )ZGO(d, ws +wm)r (l y We, p’wi; wm) (10)
1’8"
and
1 J J N 0 . . .
r (q, nv p3 ir m) = 5‘1\—’- —Vﬁ 2.1 (l, wsy p, w wn)ZGO(Z, ""-’s)lco(d, ws+wm)
J . .
oATh Z l(l; ws;p, wi;wm)’GO(l, - ws)'LGO(d’ ws+wm) . (11)
T 2NB i
f
Substituting (11) in (10), and noting that I'"! is in- Fw)=(w+€;) N (w+iw, —€,)!, (18)

dependent of ¢, w, so that it can be factored out of
the sum, leads to

J/2N

1 _

r(wm)—l—'——-T_'_Ko_gKo , (12)
w,,)=3K,T(w,) , (13)

where
Ko(w,)= LZ L 2 G, - w)iGyd, w +w,) .
0 ON ; B " o\by s o\d, Wg m

(14)

Note that Kondo’s approximation'? is equivalent
to taking just the first- and second-order terms
in T (plus the second-order term in ), which
gives (13) instead of (12):

= (J/2N)(1-Ky); T°=5(J/2N)K(1-K;) . (15)

The quantity K(w,), which is just one of the
s-d “pair bubbles” in Fig. 1(b), may easily be
evaluated by means of the following theorem

(proved directly from the Poisson sum formula'®):

—é— ff F(iwg)=sum of the residues of
= F(w)f(w) at the poles of F(w),
(16)
where f(w) is the Fermi function
flw)=(e®+1)-1=1[1 - tanh} (Bw)] 1
1

and F(w) - 0 at infinity faster than w-!.
(5) and (6) in (14), we have for F(w )

Putting

so that (16) becomes

%Z F(iws)— f(id_iwm) f(_sz)

€ +€,— 1w,

€,+€,— 1w, (19)

Since, by (5), w,and (w +w,) are both propor-
tional to an odd integer, w,, is proportional to an
even integer, so that

fleg—iwp)=fl€,) . (20)
Hence, we find that
_J + tanh(3B¢,) +tanh(3B¢,)
Kow)=ay 2 €, +€4— iw
=J_P.f*” de tanh(zB¢) (21)
4NJ-D €—-iw

Here we have replaced w,, by the continuous vari-
able w, assumed a constant density of states p
over a band of width 2D, and we have set €,=0

as mentioned after (1).

Since the physical scattering amplitude is in the
real time domain (and therefore, by Fourier
transforming, in the real frequency domain),
Ky(w) must be analytically continued to just above
the real axis, where it has a branch cut. Thus
we make the substitution iw - x +i6, where 6 is
a positive infinitesimal, in (21). After using the
theorem

(y +i6)-1=Py-1—ind(y) , (22)

where P is the principal part, we obtain
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FIG. 1. The s-d scattering amplitude (vertex part)
in ladder approximation. (A) shows the total vertex part
Ty in terms of particle-particle part I" and particle-hole
part y. (B) and (C) show the ladder sum and integral
equation for I" and v, respectively. Solid lines: bare or
clothed s-electron propagators. Dotted lines: bare d-
electron propagators. Intersections: s-d exchange in-
teractions.

+D
J, tanh(2Be)
Ko(x+i6)=4—]% be de ——2—

€-x
_ JTp (E’ﬁ)
+1 N tanh 2

NJ—pln ——-———-—~§D2 ]+iﬂ£tanh x)

4N | X%+ (2k5T) 4N 2k T
for D>»x, 2kpT . (23)

Examination of (12) shows that T diverges when
Ky=-2+i0 or Ky=2+1i0. (24)

According to (23), we must have x=0 for the
imaginary part of K, to vanish. Hence, the con-
dition for T to diverge is

1
tj‘_‘l}lizﬁ)_ =—2 or +2.

Jp + D
K0(0+16)=E[D de
(25)
Using the approximation in (23) yields

K(0+i6)~ (Jp/2N)1n (D/2kT), (26)

)

so I' diverges at
kpTx, =3Dexp(- 4N/3|J|p) for J<0, 27

kpT, = 3D exp(- 4N/Jp) for J>0, (28)

which are just the two critical “Kondo tempera-
tures” found by TO. 13 This result is to be ex-
pected since the vertex part must diverge at just
the point where the anomalous propagators go to
zero.® Note that in Kondo’s approximation (15),
I'° diverges as In®T when T -0, while in ladder
approximation, the divergence at 7'y is much
stronger than InT,

Let us now consider the particle-hole vertex
part y as in Fig. 1(c). This can be evaluated in
the same way I" was, with a couple of slight dif-
ferences: First, the spin sum which arises in
place of (9) is
a'z):w (Gararr * S ix)Gaar * Syxe)

:%5aa046xxo:+5aao' .SXX” . (29)

Second, there is a — 1 factor coming from the
+w, (instead of — w,) in the frequency sum [see
(16)-(19)]. The result for y is

Y w,)= (- w,), (30)
P(w)==T%—=w,) . (31)

Now we combine (12) and (13) as indicated in
Fig. 1(a) to get the total vertex part in ladder ap-
proximation

Tp=Tgparop (W) +Vaparig e (W + @, + ;)
—~(J/2N)Goqrr * S ggre. (32)

B. s-Electron Self-Energy and Resistance

The conduction electron self-energy T may be
obtained from the vertex part as shown in Fig. 3.

Since the s-d interaction in (1) is momentum
independent, T will be independent of ,%’. (How-
ever, if we average over impurity position,? a
6,4 factor appears in ©.) Furthermore, it is easy
to see from Fig. 3 that the outgoing spin @’ must
always be the same as the incoming spin a. This
is because by (8), (30), (31), and (32), 'y may be
written as the sum of a vector and a scalar part.
Hence, using (9), the spin sum for Fig. 3 is

2. (U9 60 Oggrs + Tp Gor gee * §as" )

BB’

ki o' d. g

FIG. 2. (a) Abbreviated
form for the s-d inter -
action; (b) long form for
the s-d interaction.

z

X

(a) (b)

k,a d.B
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X (Gyrrg* Sgrg)= Thb4iq . (33)

We now evaluate T using Fig. 3. (Note that in
the bare case, p'=p.) Translating Fig. 3 into
functions and doing the spin sums yields

3 Ko(w,) T (w,,)
Z(w,) = 26 2 0, — iw,, . (34)
Expressing 'y with the aid of Fig. 1(a) and Eq.
(32), utilizing (30) and (13), and making a change
of summation variable in the v’ term, we find, for
a=a’, that

Slw)=1 ¥ 4T0(w,) = (3J/AN)Ky(0,)
W, = 1w,

(35)

“m

It is easy to do the frequency sum in (35) if we
first express the numerator in spectral form

J e G
4I‘°(w,,,)—:7v—Ko('vm)= f@e dw l—wg(i)—)w

, (36)

where the spectral density @ is given by

Q(w)=~ (1/7)Im[4T%w + i6) = (3J/4AN)Ky(w + i6)].

(37)
Then we have

Z(w,,)=f de(w)% 2.

“m

(iw, = iw ) (Gw,, = w) *

(38)
Since by Fig. 3, w,, is proportional to an even in-
teger, the Poisson sum formula becomes

1y F(iw,)=~ sum of residues of F(w)g(w)

B oy at the poles of F(v),  (39)
where g(w) is the Bose function
glw)=[exp(Bw) - 1]-*. (40)
Applying this to the sum in (38) yields
° glw)+ 3
Tl==| doQ)| &) | (41)
- fw,—

Now the resistance may be obtained from the
imaginary part of the conduction electron self-en-
ergy (inverse lifetime=— 2Im>) evaluated at the
Fermi surface®;

K. @ wn ki, wn

k,a, wn

FIG. 3. The s-electron proper self-energy Z in terms
of the total vertex part I'y. The s-electron propagator
may be bare or clothed.

R=3cN/26%01% 7 = = (3¢N/epvi ) Im=(0+48) , (42)

where Z(x+45) means Z(w,) analytically continued
to just above the real axis. Substituting x+ 6 for
w, in (41) and using (22), (37), (12), and (13) yields

Im=(x+i6) = nlg(x) + 1] Q(x) (43)
2K,
= .-4%'\]7 <g(x)+-;—)lm< l-l»—Ko—f%—I(‘z) —K(>
(44)

Since g(0)= =, (44) must be evaluated for small x
and the limit taken as x - 0. Breaking up K, into
real and imaginary parts, and noting from (23)
that for small x, ImK,<< ReK,, (44) becomes

ImZ (x +i0) = - 23-1% [g(x)+ $](ImK )

y ( 2[1+ 3(RekK,)?]

[T Rek) - TRek T -1) . (45)

From (23) and (40) we have
[g(x) + 3] ImK,=Jpm /8N . (46)

Substituting this in (45), using (23) for RekK,, setting
x=0, and placing the result in (42) yields for the
resistance

__9n%¢ 2(1+ 3K%)
T 326%0EN ( Q+K,- K2 ~ 1) , (47)
where
Ky=(Jo/2N)In(D/2k5T). (48)

This result should be compared with the resis-
tance obtained by Nagaoka in the high-temperature
region®:

R __9nd% 1 (49)
Nagaoka ™ 890292 N 1+(Jp/N)ln(D/2kBT)>' o

Qualitatively, (48) and (49) are similar, both in-
creasing monotonically as T is lowered and di-
verging at a critical temperature. However, the
Nagaoka expression diverges only for J <0, while
(47) diverges for both signs of J.

If we use the second-order approximation for
I [see (15)], the resistance is

R=(91J%¢c/32¢*% N)[1 - (Jo/N)In(D/2k5T)] , (50)
which is essentially Kondo’s result, 12

IV. LADDER APPROXIMATION WITH
SELF—CONSISTENTLY CLOTHED s PROPAGATORS

In Sec. III we saw that in bare ladder approxi-
mation all physical quantities diverged at the
Kondo temperature. In this section it is shown
that self-consistently clothing the s propagators
in the ladder pushes the divergence in I" down to
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T =0 and that the corresponding resistance has the
Hamann form. The calculation here is equivalent
to the decoupled equation-of-motion calculation of
the singlet and triplet propagators by Doniach.”
In fact, Doniach pointed out without proof that his
method was equivalent to a self-consistent ladder
sum. The results in this section constitute the
proof of this statement,

We first obtain an integral equation for the ver-
tex part T in terms of the pair bubble K. Then K
is expressed in terms of the s-electron self-en-
ergy %, with the aid of the #~matrix equations in
Fig. 5. The self-consistent cycle is completed
by obtaining ¥ in terms of I'. The argument has
the “dog biting its own tail” form pictured in Fig.
4. In this way, a simple and easily solved alge-
braic equation for K is obtained. When the solu-
tion is placed in I, we find that I'" diverges as
InT for T -0, showing a bound state at zero tem-
perature. Finally, T is put into £ and the resis-
tance is calculated from ImZ.

A. Vertex Part in Terms of Pair Bubble

The vertex part is given by Fig. 1 with solid
lines now interpreted as clothed s propagators.
Following the same procedure as in (7)-(14), we
find that (32) holds and

J/2N
T o) =T Koy — (DR 61
I(w,,)= & K(w, )T (w,) , (52)
where
J 1 . ’ .
K(wm)—’z—]‘\}‘ Z;.I E E ZG(k;k » = ")s)lGO(d’ ‘05+w’"25'3)

Here, iG(k, k', - w,) is the clothed s propagator,
as yet unknown. Also

VERTEX PART

ol

SELF-ENERGY PAIR BUBBLE

¢ G

——

FIG. 4. Schematic view of our self-consistent “dog
biting its own tail” argument: The vertex part is ex-
pressed in terms of the pair bubble, the pair bubble in
terms of the self-energy, and the self-energy in terms
of the vertex part. The double line is a clothed s propa-
gator.

Do

k' K ws

N N
5 ¢=¢+g+...z¢

N\,

(@]

\
\
= b+
/
1’ 4 /

FIG. 5. (A) The s propagator in terms of the { ma-
trix; (B) the # matrix in terms of the proper self-energy
Z; (C) the pair bubble with clothed s propagator. Sin-
gle solid lines are bare s electrons; double lines are
clothed s electrons.

yow)=TH-w,), YP(wJ)=-T%>-w,). (54)

Equations (51)-(54) express the vertex part in
terms of the pair bubble.

B. Pair Bubble in Terms of s-Electron Proper Self-Energy

The expression for the s propagator in terms of
the “¢ matrix” of Nagaoka® and Hamann® appears in
Fig. 5(a). The f matrix is just the reducible
self-energy, given in Fig. 5(b) in terms of a sum
over the repeated i7veducible (proper) self-energy
Z. The quantity ¥ itself is the sum over all irre-
ducible self-energy parts. [Note that Fig. 5(a)
may be obtained simply by iterating in the Dyson
equation and substituting 5(b). 1]

To get a simple first approximation to the re-
normalized s propagator, we set { equal to Z.
Then, using Fig. 5(a) the s-electron propagator
may be written as

PGB by ws)=iGy(k, W) 8y p+iGy(R', )
X [= Z(w)]iGy(k, w,) . (55)

In (55), we have utilized the fact that = is momen-
tum independent [see just before (33)]. Further-
more, ¥ is proportional to 6,,. [see (33)], so that
iG~ éaa' .

We now evaluate the s-d pair bubble K as given by
(53) making use of (55). [The corresponding diagram
is Fig. 5(c).] It is easier to do the frequency sum
if we introduce the spectral representation of G:
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00 14
Gk’ kyw)= ..f dw’ éﬂe.;ﬁé':".'.)_ (56)
)
. Wg—w

where the spectral density A is given by
AR B0 =+ /M Im[iGR' kw0 +i8)] . (57)

Inserting these in the expression for K yields

K(w,)=~

2N1r Z f dw'Im[iG(R’, k, w'+48)]

1 1
B o (iwg— iw,)w - ")

(58)

The sum over w, may be carried out with the help
of the Poisson formula in a manner similar to (16)
—(20) and produces after using (55)

K(w,,) = Ko(w,)+ Ky (w,,) , (59)
where K, is the bare pair bubble as given by (21),

and
+ ®© ’ 1
2 dw'(-——f(;v ) - 2)
] .

Kl(wm)= 2N © - i(Um)

XIm[iGy(k', w "+ i8)S(w '+ i8)iG ok, w '+i0)] ,
(80)
where f(w’) is the Fermi function, Eq. 7).

Breaking iG, and ¥ into real and imaginary
parts and defining the quantity

Fw'+48)=22,iGy(k, w '+ 6) , (61)
(which is proportional to Nagaoka’s® F), we find that

2 Im[iGy(k’, w ' +i8)Z(w '+ i6)iGy(k, w '+ i5)]
38

= 2(ReF)(ImF)(ReZ) + [(ReF)? - (ImF?) [(ImZ) . (62)

Using (22) in (61) and assuming a constant density
of states p in a band of width 2D yields

+D
d D-o
ReF(w'+i5)=prD = - 1n\ ~ \,
(63)

ImF(w’ +i8)=mp for |w’| <D,

=0 for |w'|>D . (64)
Making the Nagaoka approximattion5 that ReF~ 0

and ImF~ 7p for all w’, (62) becomes —p®Im.
Putting this in (60), we then have from (59)

Kwn)=Kolw) ~22T f 4’ ({Ew—)wm Jmae +(255>),

which is the pair bubble in terms of the s-electron
self-energy.

C. Self-Energy in Terms of Vertex Parts

The “tail” in our self-consistent “dog-biting-
tail” argument connects the proper self-energy =
to the vertex part I'. The tail is very short; it
may be obtained with the aid of Fig. 3 which gives
[cf. (34) and (35), and note that I'® is given by (52)]

4T%w,,) — (3J/4N)K (w,)
Wy, =Wy, :

>w )—B a

(66)

D. Solution for the Pair Bubble

The procedure now is to solve Egs. (51), (52),
(65), and (66) simultaneously for K, T, and Z.
1t is easiest to solve for K. First, we express the
numerator of the ©-T" equation (66) in spectral rep-
resentation and substitute the result in the K-Z
equation (65). This eliminates T and yields an
algebraic equation involving I" and K which may
be solved together with the I'-K equations (51) and
(52) to yield K.

The numerator of (66) may be written in terms
of a spectral density Q’:

4T%0) - 2 Klw,)- f aw LD ()
where

Q' w')= -1 Im(4I‘°(w" +48) = y—K(w"+i6)> .
T 4N
(68)
The pair bubble K in (65) involves ImZ(w’ +45).
Analogous to (43) this is given by
ImZ(w’ +i6)=1Q"(w)[glw’) +3] . (69)

Putting this into (65) produces
2 2 +
K(w,)=Kyw,) _igNLJ. dw’

<9 (w’)[g(w’)+z][f(w') -3]

w' —iw,

(70)

At this point a remarkable simplification occurs
by noting that

[gw)+3][ flw) -3]=~%, (71)
so that (70) becomes

Jp*r »_Q'(w’)
K(w,)=Ky(w,,) + an '[w dw o —dw.’ (72)
and the integral here is just that in (67). Hence,

(72) becomes

K(w,,) =Ko(w,, )- (41“’( )—%K(wm)). (73)

8N

Thus on account of (71), the integral equation of
(70) reduces to the purely algebraic equation (73)!
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Note that the approximations made just after (64)
are essential in obtaining this simple result.

Substituting for I'® in terms of K given by (51)
and (52), we find that (73) becomes [after dropping
the term § (Jpm/2N)2K~ 10~2K]

3 (don\ o 3/ 1/4
K‘K°'4< ZN) K< 1+ (3/2)K +1—(1/2)K> ’
T4 B

which is just Doniach’s Eq. (22)." We wish to find
the solution of (74) at low temperatures. Consider
first the case J<0. Let us look for a moment at
the second term on the right-hand side of (74) as

a correction to the first term K, and evaluate it
by substituting K, for K. Using (23), we see that
for J <0 the A term in the bracket will dominate
the B term. Let us therefore assume the B term
is negligible, evaluate the resulting quadratic
equation for K, and then check to confirm that it
is indeed <A at low 7. We find that

K=-%-5X+5[X2+ Upr/2N)FY2,  (75)

where
X(wp) = -Kolw,) -% +5 Jpn/2N)? . (786)

We have chosen that branch of the square root
which is consistent with the fact that K(iw,,)~ 0 as
iw,,—~* as can be seen from (58).

It is easy to check that indeed A>B as T-0.
In the low T limit, Ky(x +46) is given by (23), so
that for x <kpT, X becomes very large as T— 0.
Hence, we have from (75)

Kp.ox+id)~ —%+5WUpn/2N)?X1, (77)

Substituting this in A and B shows that A/B— as
T-0.

A similar treatment for the case J >0, where
B>A, yields

K=2-1% -L[X2+3Wpn/2N)?*]M2, (78)

where
X(w,)=-Kolw,) +2 -3 Jpn/2N)? . (79)

E. Divergence of Vertex Part at 7=0

The scalar and vector vertex parts I, I'’ are
obtained immediately by substituting ('75) and (78)
into (51) and (52).

Remember that for K =K,, T and I'° diverged at
the Kondo temperatures (27) and (28). However,
when we use the self-consistent K given by (75)
and (76), this is no longer true.

Consider first the J <0 case. For low T, (77)
may be substituted in (51) yielding

I(x +i6) = (J/2N)[2(1+3K) 1+ (1 —5K)™Y)

oo

-~ (4N/JTp2n?) X (x +i5)
~ (1/pn?) In{ DY [ x%+ (265 T)?} . (80)

For x=0, we see that I (and I°) no longer diverges
at Ty, but instead diverges logarithmically as T
- 0. This shows that there is a breakdown of per-
turbation theory and thus a bound state at 7 =0.
The same result is obtained using (78) and (79) in
(51) and (52) showing that the T =0 bound state ex-
ists for either sign of J, in this approximation.

The reason the divergence in I' is pushed from
T =Ty down to T =0 when the s propagator is clothed
may be seen as follows: If we look at (74) and ap-
proximate K in the second term on the right by K,,
we see that as T decreases, the second term will
grow faster than the first. Since its sign is opposite
to that of the first term, it will inhibit the growth
of K. What we have here is “negative feedback”
in the self-consistency loop: When I' tends to be-
come large, so does ¥, which reduces the s prop-
agator, diminishing K, and thus T, 18

F. Calculation of Resistance

The resistance due to scattering by the impurity
may be obtained from the imaginary part of the
conduction electron self-energy by means of (42).
Imz is found with the aid of (68), (69), (73), (75),
and (76):

Im(w’ +0) = [ g(w’) +5 ] Im[4T° - (3J/4N)K]|  (81)

= (8N/Jp’r®) [g(w’) +3]Im(K -K,)  (82)

4N
=mz—[g(w') +3]

x Im{ X+[ X2+(M> 2] ”2} . (83)

2N

Since g(0)=«~, we must evaluate (83) for small
w’ and then take the limit as w’—~0. Breaking up
X into real and imaginary parts and noting that by
(76) and (23) ReX > ImX for small w’ yields im-
mediately

ImZ(w’ +458) = J—‘l—p% [g(w) +3] ImX)

ReX
X( 1+ [(ReX)%+ (Jpw/zN)z]m)(° )
84

Now, since ImX = -ImK,, we have, by (46), that
[g(w’) +3] ImX = -Jpn/8N , (85)

so that after substituting this in (84), the limit w’
- 0 may be taken. Writing ReX(0+45) in the form

ReX(0+i6)=—(1J Ip/2N) In(T/T}%) , (86)
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N, FIG. 6. Some examples of
nonladder parquet diagrams
contributing to the s-d vertex
part.

where T (a parameter nearly equal to Ty) is de-
fined by the equation

(1J1p/2N) In(D/2kpT¢) =% -5 Jpn/2N)%,  (87)

and substituting (84) into (42) yields for the resis-
tance

In(T/Ty) \
—[1n2(T/T,§) +K1r2]1/2/ . (88)

This is just Hamann’s result, ® aside from the fact
that for spin%, he has %wa instead of 7% raised to
the 3 power.

Note that in Kondo’s calculation, I’ [which en-

__3cN
T 2e%0%%n

ters into = in (35)] diverges as In® T as T— 0, which

is strong enough to make the resistance diverge as
InT. But in the present calculation, r° [which en-
ters into T in (66)] diverges only as InT [see just
after (80)] which is too weak to cause a divergence
in R at T=0. However, the divergence of I'" at
zero temperature and the corresponding breakdown
of perturbation theory and a bound state at zero
temperature do show up in R in the following way:
For any given finite T, as J~ 0, T/ -~ 0. Hence
InT/T¢ -, so the bracketed term in (88) goes to

(@pl A a'p = f(zﬁ)afwf NAGT N 5 Z
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zero and R- 0. That is, R- 0 for J—- 0, indicating
that perturbation theory is valid. But for T = 0
and any finite J (no matter how small), InT/T

= —o, andthe bracketed term in (88) goes to2. This
means that at T=0, R is independent of J, which
is a nonperturbative result and indicates that a
bound state has formed.

V. FULL PARQUET APPROXIMATION

The above calculations contained only parquet
diagrams of the ladder type. However, nonladder
parquets (see Fig. 6) are equally important and
must be included in any realistic calculation.!
Surprisingly enough, for J <0, the full parquet
sum appears to yield essentially the same results
as the simple ladder sum, as we will show now.

It should be emphasized that the argument here is
very rough. It is based on a generalization of
Silverstein and Duke (SD)? and we will adhere quite
closely to their notation.

We start with SD’s nonlinear equations for the
s-d vertex part I' (this is not our I', but is rather
our I'y generalized to include nonladder parquets).
In SD I (8.1) we have the integral equation for T’

T=Ty+A;+0y To=JG: S (89)

where A;, A, are given in terms of I" in SD I (3. 2a)
and (3. 2b). These equations may be generalized to
the clothed s-propagator case by replacing G° by
G. Using (56) to express G in spectral form,

SD I (3. 2a) becomes

-1 -1

(i€ +iw, —iw, —x) (iw,—€;)

X(aBI r[p,i€;iw, la, i€ +wy —w,); zw,,]\ a’’g"y

X(a"ﬁ"l r.['a/

with a similar expression for the generalized (A,),
corresponding to SD I (3.2b). In the bare s-elec-
tron case we have

AQ, T, x) =06, 6(x —€) (91)

and (90) reduces to SD’s expression.

Now in carrying out the sum over w, in the bare
case, the contributions from the singularities of
I may be neglected. (In SD’s method, these con-
tributions are reduced to zero when the ¢€;/7 —=

(ap| Ay]a’p’y = f (zﬂ,)SJ- (21r)3f

J

A(a,a,} X)
€ ~X+10

{A(=x)(aB| T [, €; 0| &,x; € =]

yile+wy —w,); iw,,‘f)’,i(é FWy - Wy); iwz]l a8’y , (90)

limit is taken, indicating that they come from
“spurious” states, which in the present spin-3

case is the state |1,,1,). However, as Abrikosov
points out, ! for spin 3, this limit is unnecessary,
the contribution from |1,, 1,) being automatically
zero.) It will be assumed that these contributions
may also be neglected in the clothed case. Carry-
ing out the w, sum in (90) with the aid of (16),
putting €;=0, w; =w,=0, and analytically continuing
from i€ - € +id as in SD I yields

I allﬁll)
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)

x (a"8”|T[§, x; € —x|P, €; 0]] '8’y +1(ap| T'[B, €; 0/, €; 0]| 2’8"

(a"g"| T[q',€; 0| B’ € 0]| '8 } .
—x, while the term with factor § comes from the pole
This is the generalization of SD I (3.4a), with a similar expression for (A,).

The f(-%) term comes from the pole at iw, =i€ +iw,
at iw, = €,.
The linear analog of (92) is [cf. SD II (2.2a)]

(aBlAIIa ﬁl> J’(Z'n')s

27)° X+i0

(92)

3 7 >
o f ax 28N 1 r_ s (ag|rolars)

x (a"'8"|T[@,x; €-x|P', € 0]|a’B"Y —f(-x){aB|T[B,¢;0]q, x;e-x]|a’B")

x (@B’ |To|a’p’) +3(aB|To|a’p")(a"p"|T{d’ €; 0|5’ 0] |a’B")

+3(aB|T[B,€;0(d, € 0] | a8y (a"B" | To|a’B)}, (93)

with a similar expression for (A, corresponding to SD II (2. 2b).
Hence we may approximate the I'’s in (93) by setting x= €,in each T'. Then we as-

around =€, [cf. (91)].

- =7

For small J, A(d,q’, x) will be peaked

sume that as in the bare case, the fact that (93) counts diagrams incorrectly? may be remedied by the sub-

stitution €, ~€.

After making these changes in (93) and in the corresponding equation for (A,), placing the

results in (89), and abbreviating I'({,€; 0lm,€;0) by I';,, we find that

= J dq’
<aB|rPP' Ia B >=_ Uaa"SBB'—HV— (277) (_21-?)_3 {Doaa” SBB"<a"B”|rq’P' a B’>+D<a6!rﬁqla"6”>
X au::a: ‘§Busl + Eaaa: ' '§Buai<a "BI I"qp: l o ,ﬁ,,> + E<Olﬁ"’ I"N' , a ,'B,>6all a '§BBII}, (94)
[
where holds, with

D= [ daxA@Gq, x{IA(-x) - 3)/(e - x+id)},
E= [dxA@, ", ){[f0) - 3]/(e - x+ib)}.

Substituting T';, = I'§,+ 58T, in (95) yields two
coupled integral equations which have the following
momentum-independent solution for I':

v (IS, I [ dq [ &' -
r ‘(zzv){l 2y ) Gn® - E)} ’
(96)

@n)

s_3f=d ) dq_(dq v 9
i) ) ) p om0

where we have omitted a term ~J2 in (96). Sub-

stituting (95) in (96) and using the expression for

K obtained from (53) and (56), we find for the vertex

part in clothed parquet approximation

T(e+i6)=(J/2N)[1+ 2K(e +46)]™. (98)

Let us first apply this to the bare case, when K
=K,. Using (26), we see that I'V diverges at

kTy=3Dexp(-N/|J|p) for J<0, (09)

in contrast to the bare ladder result, (27) and (28),
where there was a divergence for both signs of J.
To find the self-energy and resistance, (34) may
be used, with I'! replaced by I'”, and also (43)

(95)

Qx)= -7l Im(3K, 7). (100)
Following the same procedure as that after (44)
yields immediately

9mJ c

_ Jo. D \?
R—m(l 1n2k5 ) (101)

which has just the form found by Abrikosov.*

In the clothed case, we may again use (43), this
time with @(x) as in (100) but with K, replaced by
K. Equation (23) is valid if we replace the expres-
sion in brackets by $KT'Y. Solving for K and follow-
ing the same procedure as in (81)~(88) yields for
J<0

Ro_3eN_ {,___ In(r/T¢
2e% %% (I*(7/T¢) + (3/8)n%] 72  °
‘ (102)
where
IJ1p D _l__3_(J0">
2N 1“<2kBT,;’>“z 16\ 2v (103)

Th1s differs from Hamann’ s result by the factor
% instead of 2 multiplying w2
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VI. CONCLUSIONS

We have shown that self-consistently clothing
the s propagator removes the divergence at the
Kondo temperature and produces agreement be-
tween the perturbation-theoretic and decoupled
equations-of-motion results in the Kondo problem.
In fact, the resistance in the clothed parquet case
is close enough to that of Hamann to lead us to sus-
pect that Nagaoka’s decoupling is equivalent to a
parquet sum with self-consistently clothed s elec-
trons. (Note added in proof. We have just com-
pleted an investigation which shows that clothing the
d electrons has essentially no influence on the re-
sults reported here. Recently, Theumann has given
a short direct proof that Nagaoka’s decoupling is
equivalent to the linearized parquet sum with self-
consistently clothed s and d propagators, thus con-
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firming the conclusions in the present paper.)

Further, we have shown that for J <0, the simple
ladder approximation gives essentially the same
results as the far more complicated parquet approxi-
mation, so it may be used for qualitative work.

For J>0, its results appear to be spurious.
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